Here we carry out a systematic parametric study of a uniform cylindrical missile impacting rigid or elastic structures. We give an analytical result for the impact force in case of rigid target. A new parameter, the damage potential is introduced and it is shown that this single dimensionless combination of the parameters describes the course of the impact in this simplest case. For elastic target structures, we also show numerically that the course of the reaction force, the maximum target displacement and the duration of the impact depend primarily on the same dimensionless parameter with a secondary effect of the missile to target mass ratio and the relative stiffness of the target. The rigid target assumption is not always conservative with regard to the reaction force due to target vibration. We find a resonant effect in the maximum target displacement as the function of the missile to target mass ratio. The motivation of our work is rooted in the investigation of aircraft fuselage impact into robust structures like the containment of a
Introduction 1
Analysing the consequences of potential aircraft impact into engineering 2 structures has been an issue of high importance since September 11, 2001.
3
The ideal situation would be to carry out substantial experimental studies, 4 but the possibilities are limited in this direction due to the excessive expenses.
5
We are aware of only one full-scale experiment [1, 2, 3] , where a Phantom F4 6 fighter was impacted into a massive concrete target. This experiment is the 7 basis for many subsequent theoretical and numerical studies in this field. Due 
12
Damage caused by impact can be either local or global [15] . Usually, 13 local damage, like penetration, cracking, spalling, scabbing or perforation 14 [16, 17, 18, 19] is caused by the impact of a hard missile into a relatively 15 soft target. Global effects are related to the overall structural response of 16 the target. In this paper we concentrate on global effects, like the influence 17 of the impact of the aircraft fuselage into a relatively rigid structure, like 
30
Except for a few examples [4, 20] we show that the same parameter is enough to characterize the essential be-61 havior during the impact. We find that the course of the reaction force, the 62 maximum target displacement and the duration of the impact all depend 63 mainly on the damage potential.
64
We also find a resonant effect in the maximum displacement of the elastic 65 target as a function of the ratio of the mass of the missile to that of the 66 target. At a certain value of this ratio the displacement of the structure 67 is found to be the highest. For a simple case we give an estimate for the 68 resonant mass ratio. We also show that the maximum reaction force can be 69 higher than that for rigid target, hence the rigid target based Riera approach 70 may not always lead to conservative estimation of the highest reaction force. 
Governing equations

82
A commonly used analytic model to determine the impact force acting 83 on a sufficiently rigid structure has been developed by Riera [5] . In this 84 model the missile, impacting the target in normal direction, is assumed to 85 be a deformable rod of rigid-perfectly plastic material, and the structure is 86 assumed to be perfectly rigid. It is also assumed that the missile crushes only 87 at the cross-section adjacent to the target. Therefore, the missile consists of force to be determined is F (t), while the force acting between the intact and 95 the crushing parts is the crushing force P (x) which depends on the actual 
Introducing μ(x) as the mass per unit length at x, we find
At time t, crushing force P (x) acts on the intact part of the missile and right before and after the break off of (−dm) is
or, after simplifying it:
Force P (x) and reaction force F (t) act on mass (−dm) that slows from 
leading to
Reaction force F acts on the target, which is a linear vibrating system:
From Eqs. (1), (4), (6) and (7) we obtain the differential equations
with initial conditions
where v 0 is the impact velocity, that is, the velocity of the missile at the 125 start of the collision. It is set of nonlinear ordinary differential equations.
126
Reaction force F (t) can be expressed from (6) as
which can directly be computed once x(t) is obtained. 
Dimensionless form 129
It is worth casting the governing equations into dimensionless form. This
130
way we expect to find the essential combinations of the parameters that 131 determine the course and the final outcome of the impact.
132
Using the original length L of the missile as the unit for distances, we can 133 define the dimensionless actual lengthx and target displacementỹ as
We use P 0 , the characteristic crushing force, as the force unit so that
with ϑ(x) characterizing the shape of P (x). Then we can define the dimen-136 sionless time variablet using Lm 0 /P 0 as the time unit so that
where m 0 = m(0) is the total original mass of the missile. The distributed 138 mass μ(x(t)) can also be transformed to dimensionless form as
Using these new, dimensionless variables, Eqs. (8) and (9) can be rewrit-
where the dimensionless actual and initial mass of the uncrushed part of 143 plane are, respectively,
In case of a uniform missile, ϑ(x) ≡ 1 andμ(x) ≡ 1, we find thatm(x) =x.
146
The following dimensionless parameters have been introduced:
Parameter γ gives the strength of damping, in this paper we take γ = 0 148 meaning no structural damping during the short duration of the impact. The initial conditions in dimensionless form are:
We define the damage potential as
This dimensionless parameter is the ratio of the initial kinetic energy of 158 the missile to the work required to crush it. With this new parameter, the 159 dimensionless initial condition for dx/dt can be written as dx/dt(0) = − √ 2D.
160
The total length of the impact is determined by either one of the following 161 conditions. Either the whole missile crumbles (that is,x = 0 is reached) or 162 the crushing stops (that is, dx/dt = 0 occurs). In either case we consider the 163 impact finished.
164
The dimensionless form of the reaction force is
Oncex(t) is computed, f (t) is readily obtained from this equation. The simplest special case of (16) and (17) is a rigid target ε = 0 hit by a 168 uniform missile ϑ ≡ 1,μ ≡ 1. In this case the equations simplify to
with initial conditions 
where C 1 = 2D is fixed from the initial conditions (25). In the right-hand 186 side of (26), the negative sign is physically relevant, because the actual length does not hold.
192
Integrating (27) again, we find
where i is the imaginary unit, and erf(z) is the Gauss error function [26]
In Eq. (28),
conditions. After rearrangement, we find
where
inverf(z) is the inverse function of erf(z). Despite i appearing in these 197
formulae, the result is real at all physical values oft.
198
Differentiating (29) with respect to time, one obtains the velocity of crush-
199
ing as a function of time:
Substituting it into (23) we find the dimensionless reaction force as a function 201 of time:
We note again that the solution only depends on the dimensionless damage In fact, in this model, for a uniform missile impacting a rigid target, the We found these results for a uniform missile impacting a rigid target. In the later part of the impact, as time passes, the reaction force starts 
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We also investigate how the duration of the impact depends on the pa-250 rameters κ, ε and D. In Fig. 4 , with color coding, the duration of the impact 251 is visualized as a function of ε and D (Fig. 4a ) and κ and D (Fig. 4b) . We 252 see that the impact time essentially does not depend on ε and κ, however,
253
it does depend on D, the damage potential. This is further illustrated in The length of the part of the missile crushed during the impact can also be 260 used to characterize the impact. In Fig. 5 , with colour coding, we show how 261 the crushed length of the missile depends on parameters ε and D (Fig. 5a ),
262
and κ and D (Fig. 5b) . We see that there is a quite sharp transition between 263 the regime where the full length of the missile is crushed during the impact 264 and the regime where a part of the missile remains intact after the impact.
265
The transition seems to depend only on the value of the damage potential We note that this critical D value between 0.5 and 2 seems to be close to period 2π/ω of natural vibration of the target.
308
Casting the impact time into dimensionless formτ = τ P 0 /Lm 0 we end 309 up with
We find that this estimation indeed gives highest displacement when the at its initial speed v 0 during this short time, we find that the whole missile is the approach to discover which parameters are relevant to determine the 333 main features of the response of the impacted structure.
334
We indeed find that the only relevant combination of the parameters is 335 the dimensionless damage potential defined as
where v 0 is the velocity of the missile before the impact, m 0 is the initial total 337 mass of the missile, L is its length, and P 0 is its characteristic crushing force.
338
The damage potential is essentially the ratio of the initial kinetic energy of 339 the missile to the work required to crush the missile. 
